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は じめ に
こ の報告書は 日本学術振興会科学研究費補助金(基盤研究(c)(2))の 交付 を受 けて ､ 平成
13年度か ら平成 15年度 の 3年間に実施 された研究 ｢有 限群 の 群環上 の誘導加 群と誘導指
標｣ に関するもの である｡
1 898年に Fr obeniu sは有限群 G の 部分群 H の F H- m odule V に対して ､ V の誘導加群 と
呼ばれる FG- m odule VG を構成 した o こ こ に F tま任意の 体 とす る｡ 特 に F が 標数 0の 体
で あるとき VG の 指標を V の 指標の 誘導指標と呼ばれ る.
誘導加群 ( ある い は同じこ とで あるが ､ 誘導指標) の 構成は ､ 本質的に重要なもの であ っ
て ､ 有限群の表現論 の研究 にお い て 最も基本的な道具 の 1 つ で ある ｡ こ の こ と を示す最も
代表的なもの の 1 つ が Br an er の Indu ction T he o r e m(誘導定理) で あろう｡
本研究で は ､ 研究代表者 : 山内を中心 に誘導加群 (誘導指標)を用 い て 有限群の 指標環
の構造に つ い て 研究を進めた ｡ 各研究分担者 には ､ それ ぞれ の 専門分野 か らの 情報 の提供
とともに ､ いく つ かの 方向に つ い て は共同研究 を進 めた ｡
次 に外国訪問に つ い て述 べ ます｡
研究代表者 :山内は2002年1月(7日 - 1 7日)にBirmingha m大学 (英国)を訪問し､ G･ R･
Robin s o n教授と意見交換 し ､ 本研究ばか り でなく誘導加群に関す る諸問題 に つ い て も多く
の助言 を得ま した ｡ ま た研 究代表者 : 山内は 202年 12月(2 日 - 1 2日)に Wis c onsin 大学
(Madis o n,W is c o nsin,米国)を訪問 し､ Ⅰ. M . Is a a cs教授と意見交換を しま した o 本研究以外
に つ い て も群環 の 同型問題 をは じめ ､ 有 限群 の指標 に関する諸 問題 に つ い て 多くの 助言を
得ま した｡
以上 の ような 3年間の 研究の 結果 ､ い く つ か の 成果 を得る こ とが 出来た ｡ そ の 主なもの
を挙げると次の 3 つ の 事項に なります｡ こ う した成果の 詳細 に つ い て は本文 の ｢研究成果｣
の項 を参照して い ただきた い ｡
1. 有 限群の指標環の Jac obs on 根基に つ い て
2･ 有 限群の指標環の 単数(無限位数)の 決定
3･ 2 つ の有限群 G,H の そ れぞれ の 指標環が同型で あるとき G, H のそれ ぞれ の m odular
表現 の 間にどの ような関係 が存在する か ｡
研究費 の多く の 部分は ､ 資料収集や研究連絡 の た めの旅費と して 使用された ｡ ま た細か
な複雑 な計算をする必要もあり ､ 計算機購入 の た め に設備備品費の 一 部 を使用 したo
本研 究の推進 に当た っ て は研究分担者 の み ならず､ Bir mingba m 大学 の Robins on 教授 ､
Wisc o n sin 大学 の Is aac s教授 をは じめ ､ 数多く の 研究者並び に大学院生 の お世話 になり ま
した｡ こ こ に記 して感謝 の 意 を申 し上 げた い ｡
平成 1 6年 3月 研究代表者 : 山 内 憲 一
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(6)･研究発表
(6･1)学会誌等
山 内 憲 一 (Ke nicbi Y A M AIJC H I)
1. On iso m orpbis m s of a Bra u er cbra cter ring onto a n other,ⅠⅠ,Jo urn alof A lgebr a24 1,
(2001), 808- 817･
2. On the Ja c obs on radic al ofthe cha r a cte r ring ofa 丘nite gro up, T he Bulletin ofthe
Fa c ulty of E du c atio n, Chiba University, Vol･51,(2003), 315- 317.
3･ T he c onstru ctio n ofu nits ofinfinite o rderin the cha r a cte r ring of a丘nite gr o up,(投
稿中)
4. A n ote o n chara cte rringis o m o rpbis m s,(投稿予定)
越谷 重夫(S hige o K O S H I T A N I
1･ (with G･0･ Michle r)Gla ube r m a n c o rre spo ndenc e ofp-blo cks of finitegroups,Jour nal
of Algebr a24 3,(2001), 504- 517.
2･ (with N ･ Ku n ugi)T he principal31blo cks ofthe 3-dim e n sio n alproje ctive spe cialu ni-
tary gr o upsin n o n-defining cha r a cteristic, Jour n al fuer die reine und angew andte M athe-
m atik 539
,(2001), 1- 27.
3･ (with N･ K unugi)A Re m a rko nthe Lo e wyStr u cturefo rthe T hre eDim e n sio n al Pro-
je ctiveSpe cialUnitaryGro upsin Cbara¢eristic3, ASP M(Adva n c edStudie sin Pu re M ath-
e m atics, E]* &
J* %, "Gro ups and Co mbinatorics -in M em ory ofM ichio Suzuki
"
(edited
by E･ Ban nai, H.Su z uki, H .Ya m aki, T ･Yo shida), Vol.32,(2001), 337- 346.
4･(withH ･ Miya chi)Donova n c onje cture a nd Lo ewylengthforprincipal 3- blo cks offinite
gro ups withele mentary abelian Sylo w3-gro up oforder9, Co m mu nic ationsin Algebra2 9,
(2001), 4509- 4522.
5･ (with N･ Kunugi)Br o u e's c onje cture holds for prin cipal 3-blo cks with ele m e ntary
abelian defe ctgr o up of order9, Jo u rn al ofAlgebra 2 48,(2002), 575- 604･
6･ (with N. Kun ugiand K. Waki)Bro u e
'
s c onje ctu refor non -principal 3-blo cks offinite
gr oups, Jou rn al of Pu re and Applied A lgebr a1 73,(2002), 177- 211.
1V
7.
･
Co njectur e s of Donova n and Puigfor prin cipal 3-blo cks with abelian defect groups,
Co m m unic atio n sin Algebra 31 No･5,(2003), 2229- 2243･
8. (with N･ Ku n ugi)Blo cks ofc e ntralp-gr o up exte n sio n s, Pro c e edings ofthe A m e ric an
M athe m atic alSo ciety(発表予定)
北詰 正 顕(M as aaki K I T A ZU M E)
1. (withC･H ･ La m a ndH･ Ya m ada)Acla ss ofve rte x operato r algebra s c onstru ctedfro m
Z8 c o°es,Jou r n al of Algebr a s, 24 2,(2001), 338- 359･
2. (withM ･ M iya m oto)3-tr a n sposition a uto m orphis mgro ups ofVO A,in
"Finite Gro ups
T he o ry and Co mbin atoricsin ho n o r ofM ichioSu z uki
"
,
A dva n c edStudie sin Pu r eM athe-
m atics, 3 2,(2001),315- 324･
3. (with A･ M un e m a s a)Eve n Unim odular Ga u s sian Lattic e s of Rank 12, Jo urnalof
Nu mber The ory, 9 5,(2002), 77- 94.
4. (with M･ Harada) Z6- Code Co n stru ctio n s ofthe Le e ch Lattic e a nd the Nie m eie r
Lattic e s, Europe a nJo u r n al ofCo mbin atoric s, 23,(2002), 573- 581.
5. (with C.H ･ La m a nd H･ Ya m ada)Mo o n shin eVerte xOpe r atorAlgebr a asL(1/2,0)@
L(7/10,0)@L(4/5,0)@L(1,0)- m odule s,Jo u rn alof Pu re a nd Applied Algebr a, 1 73,(2002),
15- 48.
6. (withS. Yo shiara)T he radic als ubgroups ofthe Fis cher simple gro ups, Jo urn alof
Algebra, 2 55,(2 002), 22- 58･
7. (with M. Harada a nd M . Ozeki)Ter n aryCode Constru ctio n ofUnim odular Lattic e s
andSelf- Du alCode s ove rZ6, Jo urnal ofAlgebraic Co mbinatorics, 1 6,(20 02), 209- 2231
8･ (withC･ H･ La m a nd H･ Ya m adq)3-state Potts m odel, M o onshin e vertex operator
algebra a nd3A- elem ents ofthe Mo n ster gro up,Inte r n atio n al Mathe m atic alRe s e arch No-
tic e s
,
2 3,(2003), 1269- 1303･
越川 浩明(Hiro aki KO SH I K A W A)
1, (共著 永井他)Web上 の 知識 マ ッ プ を用 い た数学的問題解決とそ の 過程 の 分析 ､ 科
学教育研 究 Vol.26 No.1,(2002),78- 90･
2. (共著 永井他)知識 マ ッ プ上 で の 協同学習にお ける携帯端末 を用い た形成 的評価 に関
する研究 ､ 日本教育 工学会第18回全国大会論文集 ､ (2002), 393- 394.
Ⅴ
3. (共著 永井他)Web上 で の 協同学習 の 携帯電話 を用 い た形成的評価 に 関する研究 ､ 日
本科学教育学会年会論文集 2 ア,(2003), 189- 192.
4. Web教材に つ い て の 考察 ､ 千葉大学教育学部研究紀要 ､ Vol.52,(2004.2), 307- 311.
丸山 研 一 (K e n-ichi M A RUYA M A)
1. A s ubgr oup ofs elfho m otopyequivalenc e swhich is inva riant on ge n u s, Gr o ups of
ho m otopyself- equivale n c es and relatedtopic s, Co nte mpo r a ry Mathe m atic s, 2 74,(2001),
225- 231.
2･ (with M･ Arkowitz a nd D･ Stanley)The s emigroup of self-ho m otopycla ss e swhich
indu c ezero on ho m otopy gro ups, Kyu shu Jo ur nalof Mathe m atic s, 56,(2002), 89- 1 07･
3. Stabilitypr opertie s of m aps betw e e nHopfspa c e s, T he Qu arterlyJo u r n alofM athe-
m atic s
,
Oxford･ Se c o ndSe rie s･ 5 3
,(2002), 47- 57.
4. 7T. -kern els ofLie Gr o ups, to ap pe arin Trans a ctio n s ofthe Am e ric a nM athe m atical
Society.
編著書 :
(with J･W ･ Rutter)Gro ups ofho m otopys elf- equivale n c e s and relatedtopic s, Co nte m-
pora ry Mathe m atics, 274,(2001), Am e ric an M athe m atic alSo ciety.
(6.2) 口頭発表
山内 憲 一 (Ke nicbi Y AM A U C H I)
1･ Onls o m orpbis m s ofa Bran er Chara cter Ring onto An othe r,ⅠⅠ,201年 10月 ､ 日本数
学会代数学分科会 (九州大学).
野津 宗平(Souhei N O Z A W A)
1. Finite groups withthre e cla sslengths, 2002年 3月 ､ 日本数学会代数学分科会 (明
治大学).
2･ Sha rp chara cters ofr a nktw o, 2002年 3月 ､ 日本数学会代数学分科会 (明治大学).
3. 共役類の長さと既約指標 の 次数 ､ 2002年 7月 ､ 第 1 9回代数的組合せ論 シ ン ポ ジ ウム
(熊本大学).
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越谷 重夫(S higeo K O S H I T A N I)
1. An e xa mplefor Bro u e
'
s c o nje cture o nderived equiv alenc e s, Tilting Co mplexes の構
成 ､ 2001年 3月 ､ ( 大阪市立大学理学部).
2. Re c ent w o rk on Broue's c onje ctu r ein Japa n: a s u rvey. 2001年 10月 ､ Categorie s
de rive e s etgro upe sfinis(導来同値 と有限群)､ CIRM(Centrelnter n ation alde Re n c o ntre s
M atb
'
em atique)(フ ラ ン ス Lu miny数学研究所)･
3. On c o r re spo nde n c e ofblo cks of 丘nite gro upsin c oprim e a ction, 2002年 6月 ア メ リ
カ数学会主催夏期研究集会 Gro ups, Repr e s e ntatio n s, and Cobo m ology(群 ､ 表現､ そ して
コ ホ モ ロ ジ ー)､ Mt･ Holyoke College, M a ss a chu s etts, U SA,(アメ リ カ合衆国 ･ マ サチ ュ ー
セ ッ ツ)･
4. On Br o u e's abelian defe ctgro up c o nje cture, 2002年 7月 ､ ロ ン ドン数学会主催 ダ ー ラ
ム研究集会 Repre s e ntation of Fin te Gro ups and Related Algebras(有限群 の 表現とそれ
に関連する代数)､ ダ ー ラム 大学数学研究所 ､ イ ギリ ス .
5. 有限群の モ ジ ュ ラ ー 表現論 にお ける最近の 重大予想 一 特にブル エ 予想に つ い て ､ 2002
年8月 ､ 第 4 7回代数学 シ ン ポ ジウム ､ (室蘭 工業大学).
6･ Broue's and Rickard's c onje cture o np- blo cks withabelia ndefe ct gro ups of fin te
groups, 2003年3月 ､ オ ー バ ー ヴォ ル フ ァ ッ ハ 数学研究所研究集会 Darstellunge nendlicher
Grup pe n, Repr e s e ntatio n of Fin te Gr o ups(有限群 の 表現)､ オ ー バ ー ヴオ ル フ ァ ッ ハ 数学
研究所 ､ Obe r w olfach ドイ ツ .
7･ M orita equivalenc e sin blo cks of丘nite gr o ups, 2003年4月 ､ Ho cbs cbildCoho m ology
Wbrksbop(Ho cbs cbildCohom ology研究集会)､ レ ス タ 一 大学 ､ イ ギリ ス .
8･ A r e m a rkon M orita equivale n c ein blo cks offinite gro ups, 2003年 6月 - 7月 ､ MSI
(Mよthe m aticalScie n c elnstitute)Spe cial Ye ar on Algebraic Ge om etry a nd Topology.
Repres e ntation T he ory Workshop､ オ
ー ス トラリ ア 国立 大学､ オ ー ス トラリア .
9･ Blo cks ofc e ntralp-gro up exte n sions of finitegr o ups, 2003年 9月 ､ 有限群 の コ ホ モ ロ
ジ ー 論 (京都 大学数理解析研究所).
lob Bro u e's c onje cture on derived equ uivale n c e s ofblo cks offinite gro ups, Frobenius
Algebr as a nd Related Tbpicks(フ ロ ペ ニ ウス 代数とそ れ に関連する話題 の 研究集会)､ (ト
ル ン 大学､ ポ ー ラ ン ド).
1l･ Ex a mple s ofBro u e
'
s abelian defe ct group c onje cturein repres e ntation the ory of
finite gro ups, 203年 10月 ､ 第 3 6回 衆論お よび表現論 シ ン ポ ジウム(弘前大学).
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,
M orita equivalenc ebetwe e nls a a c sc or re sponding blo cks, 2003年 10 月 ､ Cur re nt
tr e nds in repr es e ntation the ory of finite gr o ups(有限群 の 表現論 にお ける現在 の 傾向)､
(カナ 久 Banf lnter nation alRes e ar chStatio n)･
北詰 正顕(M a s a aki K I TA ZU M E)
1. Tern ary CodeCo n stru ction ofUnim odular Lattic e s, 2001年 7月 ､ 第 1 3回 有限群論
草津セ ミナ ー .
2. 符号 ･ 格 子 ･ 頂点作用素代数 と有限群 ､ 2002年 8月 ､ 第 4 7回代数学 シ ン ポ ジ ウム
(室蘭工業大学).
3. Clas si丘cation ofe x c eptio n algraphs ofs m alle st eige nvalu e
- 2, 2002年 9月 ､ 短期共同
研究 "De sign s,Code,Graphs a ndtheir Links
"(京都大学数理解析研究所)･
4. On So m eSelf- Du alCode s a nd Unim odular Lattic e sin Dim ensio n48, 2003年 7月 ､
第2 0回代数的組合せ論 シ ン ポ ジウム (北海道大学).
丸山 研 一 (Ke n-ichi M ARUY A M A)
1. Self-ho m otopyset の成す半群 ､ 2 0 0 1年 1 2月 ､ 談話会 (九州大学)･
2. Eo m otopy集 合上 の ho m otopy群 に as s o ciate した ､ 批 r ation ､ 2 0 0 2年 2月 ､ 水
戸トポ ロ ジ ー セ ミナ ー .
3. Selfho m otopym aps which indu c e z e r o on ho m otopy,2002年 5月 ､ 高麗大学 (韓 国)
コ ロ キ ュ ウム .
4. M apsinducingzero on ho m otopy, 2002年10月 ､ トポ ロ ジ
ー セ ミナ ー ､ M ilano/Bic o c c a
大学 (イ タリ ア). 一
5. Self- m aps inducingthe trivial m ap on ho m otopy gro ups, 2003年 9月 ､ Algebraic
Topologyin M alaga(研究集会)､ Malaga大学 (ス ペ イ ン)･
viii
(7)研究成果
以下に述 べ る 3 つ の事項 に つ い て 研究成果 が あり ま した ｡
1. 有 限群 の 指標環 の Ja c obs o n根基に つ い て
2. 有 限群 の 指標環 の単数(無限位数)の 決定
3. 2 つ の 有限群 G, H の それ ぞれの 指標環が 同型 で ある とき G,H の そ れぞれ の m odular
表現の 間に どの ような関係が存在す るか｡
上記 の各項目 に つ い て述 べ る前に記号の説 明をす る ｡
G ‥ - 有限群 ､ IGl:- G の位数 ､ Z :- 有理整数全体 の 成す環 ､ Q:- 有理数体 ､
c : = 複素数体 ､ ぐ: - 1 の 原始IGト乗根 ､ K - Q((): - (および Qを含むような C の
最小 の 部分体 ､ A ‥= K に含まれ る代数 的整数全体の 成す環 ､ R(a): - G の 指標 鼠
1. 有限群の指標環の Ja cobso n 根基に つ い て
B an a s chew ski の定理(B. Ba n as chew ski, On the cha r a cte rrings of finite gro ups, Ca n ad･
I. Math. 1 5(1963), 605- 612を参照せ よ｡ )を用 い て 次の 定理を得るo
定理 1.1 R(a)の 極大イデア ル はす べ て I(c,7') - (¢I¢∈ R(a), 4(c)∈7
')で 与 え
られ る｡ こ こ に c ∈ G, ア は A の 極大イ デア ル で あるo
定理1.1を用 い て Ja c obs on 根基 に関す る次の 定理 を得 る｡
定理 1.2 R(a)の Jac obs o n根基は 0 である.
2. 有限群の指標環の単数(無限位数)の決定
さらに記号を追加する｡
p(>_ 5)は素数 ､ LJ :- 1 の原始 p乗根 ､ Z[LJ]:- LJと Z を含 む C の 最小 の 部分環 ､
β : = G の す べ て の 指標の 値を含む A の 部分環 ｡
単位 元 1を持 つ 可換環 R に対 して
u(R):- R の 単数群 ､ Uf(R):- 位数が有限 の R の 単数 か ら成る U(R)の部分群
と定義す る｡
補題 2.1 U(B)- Uf(B)ならば U(R(a))- Uf(R(G))が成り立 つ o
i
,jを1 ≦i,j < p,i≠jを満たす有理整数とする ｡ こ の と きik≡j(r,wdp), 1 ≦ k< pを
1Ⅹ
満たす有理整数 k が存在するo こ の k の 値はi,jによ っ て
一 意的 に定まる o 有理整数i,i,k
に対 して い く つ か の 1変数 関数 を定義する ｡
gi,
I(I) -蛋.
I
l
l
, gk(x) -
X
x
k
.
'
l
l
,
fk(I) - XP+k
~ 1
- xp
' k- 2 + - +(- 1)m
- I
xp +
A - m + ･ ･ ･ + 1,
(kが偶数の とき)
fk(x) - Xk
- 1
- x
k 1 2 + ･ ･ ･ +(- 1)m
- 1
x
k - m + - ･ + 1,
(kが奇数の とき)
fi,･(x) - fk(x
i)I
こ の とき次の 定理 が成り立 つ ｡
定理 2.2 e を任意の 1 の 原始p一乗根 とすれ ば､ 次の(i),(ii)が成り立 つ ｡
(i) 詰壬は 糾 の単数 で あるo
(ii) 9ij(e) - 9k(e
i) - fk(e
i
) - fi,･(E)･
定理 2.3 e - 士1,rl,0,入を 1 の原始p一乗根 とす る｡
する. こ の とき次 の(i),(ii)が成 り立 つ ｡
(i) e - 1･
(ii) 叩 - 0 また はT70 - 1･
= e また は e入 が成 り立 つ と
4, を G の 指標 とす るとき有 理整数係数の 多項式 仲)- an x
n + ･ - + alX + ao に対 して G
の 一 般指標f(ゆ)を
f(4,)
'
- anゆn + - + alゅ+ aoIG
l
で 定義する o こ こ に1G は G の 単位指標 で ある o
これか らはfij(a)を定理 2･2 の前に定義された有理整数係数の多項式とする o 定理 2･2と
定理 2.3を用 い て 次 の定理が 得 られる｡
定理 2.4 < a > を位数p の 巡 回群と し ､ ゆをゆ(a) - LJで 定義され る < a > の 1 次指標
とす る. 有理整数i,i(l≦i,j< p,i≠j)に対 して i+j≠p と仮定する. こ の とき次が成
り立 つ ｡
(i) 土fi,･(ゆ)は < a > の 1次指標 で はない o
(ii) 士fi,I( 抑ま指標環 R(< a >)の位数無限の 単数 で あるo
定理 2.5 H = < a > を有限群 G の 位数p の巡 回部分群とす る｡ 4, を4,(a) - w で 定義さ
れ た H の 1 次の 指標とする ｡ こ の とき 土fi,･(4,)⑳G(l ≦i,j< p,i≠j,i +j≠p)は R(G)の
Ⅹ
単数 で あるo こ こ にfi,･(申)⑳G はfij(4,)の G - の tens orinduction であるo
これ から は G
' を有限群 G の 交換子群とする o
定理 2.6 1G/G
'
1がp の 倍数 で あれ ば R(a)は位数無限 の 単数 をもつ o
定理 2.7 有限群 G につ い て G ≠ G/,U(R(a))- Uf(A(a))なら ば､ a/a
/tま(2,3)一群 で
ある ｡
3. 2 つ の有限群 G, H のそれぞれ の指標環が同型で あるとき G,H のそれぞれ の m odula r
表現の 間に どのような関係が存在するか ｡
さらに記号を追加する ｡
雷:= C に含まれる代数的整数全体 の 成す環 ､ 7) : - ただ 1 つ の 素数p を含む A の 素イ
デア ル ､ 雷 ‥ - A/ア o
(蘇 . . . , 軒)を同型 で ない絶対既約な 雷G-加群の 指標 の 全体とす るo
a宮(a)- (∑;= 1 ai軒1ai ∈ 雷)とお くo
定理3.1 2つ の 有 限群 G, H8こ対 して 雷R(a)か ら言R(H) - の 同型 写像が存在す ると
き ､ dim 雷a雷(a)- dim雷a宵(H)が成り立 つ ｡
こ こ で記号を追加す る｡
Bl(a) - (B1, . . . , Bt)‥ - G の p-blo ck の全体 ､
k(Bi):- Bi に含 まれ る 同型 で ない 絶対既約な通 常指標 の個数 ､
I
i(Bi) - Bi に含まれ る 同型 で ない Br a u er既約指標 の 個数 ､
d(Bi) - Bi の defe ct.
定理 3.2 2 つ の 有限群 G, H8こ対 して 雷R(a)か ら 言R(H) - の 同型写像 が存在す るも
の とする o こ の とき Bl(a)か ら B l(H)- の 全単射写像 が存在する . さらに こ の 全単射写像
によ っ て B l(a)∋ Bi ト う Bi∈ Bl(H)とすれ ば次が成り 立 つ ｡
(i) k(Bi) - k(B;) (ii) i(Bi) - i(B･l() (iii) d(Bi) - d(B;)
最後に上 の 主要な研究成果を述 べ た 3編 の 論文
2･ K･ Ya m a u chi
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Ⅹ1
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Ⅹii
有限群の 指標環 の Ja cobs o n根基 に つ い て
山内 憲 一
千葉大学
on theJa c obs o n radic alofthe cha r a cter ring ofa 丘nite gro np
Ke nicbi Y A MA U CHI
*
Cb払a university
A bstra ct. For a finite gr o up a w eden ote by cha r(a)and J(char(a))the
character ring of aa ndtheJac obs on radicalofcha r(a)re spe ctiv ely･ In this article
weintend to pr ove J(cha r(a))- 0by u singthe re s ultc onc erning m axim al ide als
ofchar(a)which w as obtained by B･Ba n a s chewski･
Key w ords andphr a ses: ring(環), m a ximal ideal(極大イデア ル),Ja c obson r ad
-
ic al(ジ ャ コ ブ ソ ン根基), cha r a cter(指標),･cha racte rring(指標環)
1. Intr odu ctio n
T he cha r a cters of the repr e s e ntations of a
-
finite gr o up a ove r afield Kof
chara cteristic0 ge n erate aring cha rK(a)offunctions on G, the K
- chara cter ring
ofa,which is re adilys een to be Zxl + ･ ･ ･ + Zxn ,w here Z isthe ring ofratio n al
integers andxl, - ,Xn a r ethe chara cters ofthediffer entirreducible r epres e
ntatio n s
of aover K .
*supported bytheJSPS(JapanSo cietyfo rPro m otion ofScienc e)Gra nt-in
- A id
for Scientific Res e arch(c)(2)13640008,2001- 2003･
1
T he the o re mthat ev e ryir r edu cible repr e s e ntation ofa over an algebraic ally
clo s ed field ∩ofchara cte ristic 0 is equivalent to a r epr e s e ntation of aove rthe
s ubfieldof 0which isge n eratedbythe gothr o ots ofu nity(9othe exponent ofa)
wa spr oved by a. Bra u er[4]via thetheore m sthat
(1) charm(a)is additively ge n e r ated bytheindu c ed chara cters ofrepres etatio n s
ofele m entary s ubgro ups ofG,and
(2) their r educible repr e s e ntatio n s o v e r0 ofany ele m e ntary gro ups areinduc ed
by one-dim e n sio n als ubgr o up r epre s entatio n s[3]･
R. Bra u e r's originalpr o ofof(1) wa s simplified conside r ably by P･Roquette[6]
with the aid ofs uitablep- adic e xte n sio n s ofcharロ(a)I
on the other hand,ち. Ban a s cbew ski[1]pr oved a tho r em a n alogo u sto(1)by
m e ans ofadire ctdete r minatio n ofthe m axim alideals ofcha rK(a)for an a rbitr ary
鮎1d 〟 ofchara cteristic0,and itspr o ofdispe n s e swithp- adic e xte n sio n s･
I. A. Gre e n[5]pr ovedthe c o nvers eofathe ore m(1)byu sing a Frobe niu sfo r m ula
fortheindu c edchara cters ofa. a nd K. Ya m a u chi[1 0][11]gave a n othe rpr o ofs ofa
theo rem of J･ A･ Gr e e nby m akingan ap plic atio n ofthe chara cteristic cla ssfunctio n s
of 丘ni七e gro ups) a nd by u slngthe Ma ckeyde c ompo sitionthe o r e m r esp ctively･
Tbe m ain obje ct of 仙s n oteisto obtain athe ore m thattheJac obs o n r adic alof
cha rK ,(a)is equ al to0 whe r eK is afieldofcha r a cte ristic0 which isge n eratedby
the goth r oots ofunity(9o the expo n e nt ofa)･ We willprove thistheo r e mbythe
us e ofthe re s ult c onc er ningthe m axim al ide als ofcharK(a)which w a s obt ain ed
by B.Bana s cbew ski,
2. M a xim al ide als
Let X be a丘nite s et,I an integral do m ain of char acteristic 0) which is finitely
2
ge nerated a s an additive gro up, and o a ring offun ctions¢ : X → I s u chthat
(i)the c o n st antfu n ction i Whos evalueis1 ∈ Ibelongsto o a nd(ii) ois additiv ely
generatedbyfinitely m a nyfu n ctio ns4,1, - ,¢n w hich arelin e arlyindepende nt over
I. Then, the m a xim al ide als ofo ar ede s cribed asfollows･
The o r e m
.
2.1. (B･ Ba n as chew ski[1]) Fo r a ny c ∈ X a nd any m a xim al ide alp
in Z
,
a(c,p) - (¢I4･ ∈ o,4･(c)∈p)
is a m a xim al ide al ofo,a nd e a ch m axim al ide alofo is ofthisi
,
ype･
3. T he Ja cobs o n r adical of a cha racte rring
Let a be afinite group ofe甲O n e nt 9o,a the r atio n alfield,and K a field of
cha r acteristic0 which isge n eratedbythegothr o ots ofu nityove rQr espe ctively･ W e
w rite cha r(a)instead of cha rK(a)for simplicity･ Let Ibethe ring of allalgebraic
integersin K .T he nthefun ctio n s4･ ∈ cha r(a)m apaintoI,theprin cipalcha r a cter
lG belo ngs to cha r(G),a ndthe differe nt irredu cible K - char acters xl = 1G' ･ ･ ･ , Xn
of Gare lin e arlyindepende nt over II T herefor e cha r(G)s atisfie sthe hy pothe s e s
c onc e r n ig the ring O in the pre vio u ss e ction ･Itfollows now that the m a xim a
l
ideals ofcha r(a)ar edete rmin ed a c c o rdingto T he orem 2･1･
T he o r em 3.1. The m a xim al ide als ofcha r(a) are allofthe type a(c,p) -
(4,I¢∈ char(G),4,(c)∈p)where c ∈ a a ndpis a m a xim al ide al in I･
Now we are r e adyto provethefollow ingthe ore m which is o ur m ain the o r em ･
3
T he o r e m3.2. TheJa c obs o nradic alofcha r(a)is equalto 0.
pr oof Let e be aprimitive 9.thro ot ofu nity･ T he n K - a(e)and K/Qis a
Galois exte n sio n. We u se thefわllowing n otatio n:
G(K/Q):the Galois group of Kover a,
NK/Q(α) (α ∈ I):the n o r m ofα,thatis, NK/Q(α)
- nq∈G(K/Q)α
q
,
J(char(a)): the Ja c obs on radic alofcha r(a)･
step1. Let¢∈ char(a)a nd¢(c)∈p where c∈ a andpis a m a xim al ide al in
z whichc o nt ain s aprim e n u mbe rp. T he n we show thatpINK/a(4,(c))･ Sin c e¢(c)
is a n algebraicintegerin H and NK/a(4,(c))∈a, NK/Q(Q(c))is aratio n al intege r･
T he r efore w eha v eNK/Q(b(c))∈ Z np - pZ･ T hisimpliespINK/Q(め(c))I
step2. If¢∈ char(a), c ∈ a,4･(c)∈pfor e a ch m a xim al ide alpin I,then w e
sho w¢(c) - 0･
Letpbe a ny prim enu mbe r andpbe any m axim alide alin Ic o ntaining p, the
n
w e kno wfr o mStep 1 tahtpINK/a(b(c))･The r efore w e have pINK/Q(b(c))for
e a ch prim e nu mbe rp. T hisimpliesNK/Q(Q(c))- 0,that is,¢(c) - 0･
step 3. If¢∈ J(cha r(a)), then w e show that4, - 0, thatis,J(cha r(a))- 0･
Le t4, ∈ J(char(G)). Sinc eJ(char(a))- na(c,p)where c ru n sthroughal1
ele m e ntsin a andpr u n sthro ughallm axim alide alsin IbyT he ore m3･1 ,wekn ow
fro mStep 2 that¢(c) - 0for allc ∈ G･Thisimplie s¢ - 0･ T hatis,J(cha r(a))
-
o.T his c o mpletesthe pro ofof Theo r e m3･2･ A
Re m a rk 1. LetAbe a c o m utative ringbaying an ide ntityele m ent1a nd ∫(A)
betheJa c obs o nradic alofA.Ifx ∈ J(A),the n we show thatfor a ny a ∈ A,1 +a xis
a u nitin A.If l+α∬belongsto s o m em axim alide alαim A,then 1
- (1+α∬)- α∬ ∈ α
be c a u s ex ∈ J(A).T his c ontradicts that ais a m axim al ideal･ T he r efore 1 +ax
4
do e s n ot belo ngto any m aximal ide al.If(1 + a x)A ≠ A,then thereis a m axim al
ide al a s u ch that(1 + a x)A ⊂ a by Corolaryl･2･22 in[2]･T herefore 1 +a x ∈
a,c ontradictingthat 1 +a xdo es n otbelo rlgtO a ny m axim al idealin A･ Itfollows
that(1+ a x)A - A. T hisimplie sthat1+ a xis a u nit of Afor a ny a ∈ A･We have
c onsideredthe proble m tofind o utthe unitsin char(a) [7],[8],[9], butsinc e
J(char(a))- 0,w e c a not u s ethe m ethod abo v e m entio n ed･
Re m ark 2. It is obvio u sthat cha r(a)is aNo ethe rian ring･ Ifcha r(a)is a n
Artinia n ring,then cha r(a)is a s emisimple Artinian ringbe c a u s eJ(char(a))- 0･
But cha r(a)is n ot Artinian . In fa ct,w e c an ea sily give a c o u nterex ample･ Fo r a
prim e nu mbe rp,w e w ritepin ste adofpIGfor simplicity･ T hen wehave ades c ending
chain
(p)∋(p
2
)∋ ･ ･ ･∋(pn)∋ -
where(pi)is aprin cipal ide alge n erated by piin char(a)･ T herefore cha r(a)is
not Artinia n.
It s e e m sthat itisdi瓜c ult to determinethe stru cture of the chara cter ring ofa
丘nitegr o up a srings･
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T he c o n str u ctio n ofu nits ofin丘nite o rde rin the cha r a cte r
rlng Ofa丘nite gr o up
By
Kenichi Ya m auchi
A bstra ct･ T he str u cture ofthe u nitgro up c onsistingofu nits of 五nite o rde rin
the chara cterring of afinite gr o upis w ell kn o w n(s e e[8])I We als ohave studied
the unitgro upin the chara cte r ring of a n altern ating gr o up An (n ≧ 5)･ In this
article o u r obje ctiveis to c onstr u ct u nits of in finite orderin the chara cte r ring
ofa finite gr o up c o n cretely, by m aking u s e ofunitsin Z[LJ]where Z isthe ring
ofr atio n al intege r s, w is a primitive p-thr o ot ofu nity, andp(>_ 5)is aprim e
nu mber.
1. IntrodⅦ ctio n
T hro ughout this a rticle, a de n ote s alw ays a finitegro up, Z the ring ofr atio nal
integers, Qthe rationalfield, a nd Cthe c o mple x n u mberfield･ For afinite s etS,
we de n ote by[SLthe n u mber ofele m e ntsin S･
Let Irr(a) - (xl - 1G(theprin cipalchara cter), - , xh)bethe c o mplete s et of
abs olutelyir r edu cible c omple x chr a cters ofG･
Let u s s et
R(a)- ( ∑%T
D
= 1
aiXi I ai ∈ Z (i - 1, - ,h))･
2000M athe m aticsSubject Cla si丘c atio n: 20C15
Key w ords andphra ses
･
: irredu cible chara cter
,
chara cter ri ng, unit
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T ha七is, R(a)isthe s et ofgene r aliz ed char a cters of G･ Itis w ell kn ow n that
R(a)form s a c om m utative ring with an ide ntity ele m e nt xl･ We c allA(a)the
chara cte rring ofafinite gr o up G･
Let(be aprimitiveIGトth ro ot ofunity a nd K - Q(亡)bethe s m allest s ubfield
of Cc o ntainingQ and(. T he nK is a splittingfieldfor G･
wede n otebyA the ring ofalgebr aicintegersin K ･ In[8]weprovedthefollowing
the ore m a nd c or olary c onc ern lngthe u nits o‖inite order主nthe char a cte rrlng Of
a 丘nite gr oup G･
T he o r e m1.1. Any u nit of Bniie o rde rin A R(a)hasthefor m exfor so m e
lin e ar cha r a cte rx ofG a nds o m ero ote ofu nityin A whe re AR(a)is a A- algebr a
span n ed by Irr(a) - (xl, . . .,Xh), thatis, A R(a) - (∑?=1aiXilai ∈ A (i -
1, . " h))･
co rolla ry 1.2. Any unitoff;nile o rder in R(a)hasthefor m士xfo r s o m e
line ar char a cte rx ofG.
Next w e state s om e r es ults, which have been obtained s ofar) c o n c e r ningthe
u nits .finfinite orderin the char a cter ring ofafinite gro up G･
He re w e丘Ⅹ thefbllowlng n otatio n;
Let R be a co m m utative rlng With a nidentity ele m e nt･
U(R): - the u nitgro up ofR,
uf(R): - the s ubgro up ofU(R)which c o n sits ofunits of finite orderin R,
sn, An: - a sym m etric gr oup and an alternating gro up o n n sy mbols
for a
naturaln umber n, re spe ctively･
w e as s um ethat n ≧5 for a n aturalnu mber n･
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De丘ni七io n 1.3. Letr - [m l, . ‥ , m ,], m l + - ･ + m , - n be a s elf- as s o ciated
fr a m e. Then we as sign to r a c o njugate clas sa - (ql,q2, - ,qk)ofSn withcycle s of
｡ddle ngths ql > q2 > - > qk, ql+q2+
･ ･ ･ +qk - n (ql - 2m r l,q2 - 2m 2 - 3, ･ ･ ･)
and we setp - qlq, ･ ･ ･ qk . In additio n w e a s su m ethatp = 1(m od 4)a ndpis n ot
the squ are ofa n umber(that is, ､作卓Q)I
In this c as e w e c all ra s elf- a ss o ciatedfr a m e ofrealty pe and w e als o s aythat
(r,a,p)is atriple of a s elf- as s o ciatedfram e of re al type.
r･
D efinitio n l A. For a n aturalnu mbe r n, we define a n on - negative rational
intege r c(n)asfollo w s
c(n): - the nu mber of s elf- a s s o ciatedfra m e s of re alty pe [ml, ･ ･ ･, m r], m l +
･ ･ ･ + m r = n ･
Let r - [m l, . . ., m ,], m l + ･ ･ ･ + m , - n be a s elf- as s o ciated fr a m e ofre altype
and(r,a,p)be atriple ofr･ Let e
'
a nd a" bethe c onjugate clas s e s of An into
which asplits. T he n we prov edthefollowingtw o r e s ultsin[9]･
Le m m a1.5. There e xists aunitof Q(､作)which take sthefo r mof
芸(a ･bth)+1, a･b∈ Z, pta (i･e ･ a is divisible by p), け O
a nd ofwhich the n o r m o ver Qis equ al to l･
T he.re m 1.6. There e3;ists a unitゅ ofR(An), which is not of Bnite o rde r,
such that
4,(I) - 1 for 31
･ ∈ An , x≠ e
'
,
a" ･
Mc
/
) -喜(a +b㍉)+ 1, "c") -去(a - bth). 1
■
9
where c
r
a nd c′′ a rethe repre s e ntativ es ofe
'
a nda:" re spe ctiv ely･
sinc eAn (n ≧ 5)is a simple gro up, An - D(An)holds whe r eD(An)is the
c om m utator subgro up of An , ands oAn haso nly oneline ar chara cte rxl(thatis,
theprin cipalchara cte r of An). ByCorollaryl･2 w ehave Uf(R(An))- (ixl)and
s o w e u s e an otatio n
"U(R(An)/(j=1)
" in plac e of
"U(R(An))/Uf(A(An)
" fo r
simplicity, byidentifying(j=1)wi th(j=xl)･
In[9]wepr oved thefbllowi工唱 tbe ore m ･
T he o r e m1.7. r a nk ofU(R(An))/(A:1) - c(n)I
In[10]we co n str u cted c(n)u nits ofinfinite o rde r*1, ･ ･ ･,*c(n)in R(An)concretely
which a r efre ege n e r ators, aTld sho w edthat U
2(R(An))⊆< 4,1, - A ,4,a(n) > whe r e
u2(R(An) - (4,
2I4, ∈ U(R(An)))and < 4,1, - ,ゆc(n)> isthe abelia n s ubgro up
of U(R(An))ge n e r ated by ¢1, ･ ･ ･,4,c(n)･ (Se eT he o r e m3･4 in[10]･)
we n .tethat T he o r e m1.7 is adir e ct c o n s equ ence of T he o r e m3 A in[10]･ The se
r e s ults c o n c erning unitsin R(An)were obtain ed by m aking u s e otthe char a cte r
table ofAn .
In this article w eintendto c o n stru ct units of infinite orderin R(a)for a finite
gr o up a, by m aking u s e ofu nitsin Z[LJ]wher eLJis aprimitive p
-th ro ot ofu nity
andp(≧5)is aprim en u mber･
2. P relimin a ries
we shall ke ep the n otation in s e ctio nl･
1 0
Letぐbe aprimitivelGトth ro ot of unityfor a finite gro up a a nd K - a(I)
be the s m alle st s ubfieldof C c o ntaining Q and(･ W e de n ote by A the ring of
algebr aicintegersin K ･ Let B be a s ubring of As u ch that B c ontains al 1 the
vallle S Ofchara cters of G. Here we notethat B ∋l ands oB ⊇ Z, be c a u s efor any
ele me nt I ∈ G
, xl(a) - 1 ∈ B by as su mptio n where xlisthe prin cipalchara cter
ofG.
Inthe above situ atio n we have
Le m ma 2.1. If U(B)- Uf(B)holds, the n w ehave U(R(a))- Uf(R(a))･
pr o of. For anyele m ent u ∈ U(R(a)),there exists u
l
∈ R(a)su ch that uu
'
- xl
(the principalchara cter of a)･ He n c e,for a ny ele m ent x ∈ G w e have(u u
'
)(I) -
u(a)u
/
(x) - xl(I) - 1･ Sin c e u(x), u
'(I)∈ B by as s u mptio n, u(I)is a unitin B ･
He n c e u(I)is a u nit of finite o rderfor a ny ele m ent x in a, be c a u s eU(B)- Uj(B)･
Let(xl, … , X9)be all the ele m ents ofa, a nd i be thele a st c o m m o n multiple of
orders ofele m ents u(xi)in B(i - 1, ･ ･ . , 9)･ T he n w ehave u
l
- xl ･ T hat is, uis a
unit of finite o rderin R(a)･ T hu sthe re s ultfollows･ 圃
Fto m n ow o n w e as s um ethatp(≧ 5)is aprim e nu mber and w is aprimitive
p-th ro ot of unity. Let Z[w]be the s m ale st s ubring ofa c o nt aining Z and w ･
Leti andibe r ation al intege rs s u ch that1 ≦ i,i < p,i≠i. T hen the r eis
a ratio n al intege rk, which is u niquely deter mined by i andi, s u ch thatik =
i(m odp), 1 ≦ k < p･ Forthe se ration al integers i,i, and k, we de丘n e s ev ral
fun ctio n s of one variable a sfollows
9ij(x) - 詣 , 9k(I) - 謡 ,
ll
fk(x) - XP+ k
- 1
- xp
+ A- 2 + - +(- 1)m
~ 1
xp
+k ~ m + - 十1,if kis e v e n,
fk(I) - X
k ~ 1
- x
k - 2 + - +(- 1)m
- 1
x
k - m
+ ･ ･ ･ + 1,ifk is odd,
fij(I) - fk(x
i)I
T he n we have
T he or em 2.2. In the abo v e situ ation lete be a ny primitiv ep-thr o ot ofunity･
Then w ehav e
(i)詫言is a u niiin Z[w]
(ii) gij(E) - gk(ei) - fk(e
i) - fi,.(e)
Pro of. (i)
1 e - 1 eP'1 - 1 (e
2
)午 - 1
e+1 e2 - 1 e2 - 1 e2 - 1
- (e
2
)午 +(e
2
)字 + - +
e
2+ 1.
1
He n c e
詩て
∈ Z[e]･ Sin c e-eis aprimitivep-th r o ot ofunity, Z[e] - Z[w]holds.
1
He n c e
詩7
∈ Z[w], and s o e+1 is a u nit in Z[w]･
sin c e ei a nd ej(1≦i,j干P)are pri mi tivep
-th ro ots of u nity, e
i+1 and ej+1
亡J +1 .
are u nitsin Z[w], a nd s o - 1S au nitin Z[LJ]･
e
i +1
(ii) Sinc eik= i(m odp)holds,(e
i)k - ejholds･ T herefore wehave an equ atio n
e3 +1 (ei)A + 1
e
i+ 1 ei +1
,
and s o9i,
･(e) - 9k(e
i
)holds･
First w e as u m ethatk is eve n. T hen p+ k is od d. Sinc e(e
i
)
A
- (ei)p+A,
9k(ei) -
(e
i
)p+
k +1
e
i + 1
- (e
i
)p'
k ~ 1
- (e
i
)p
'k - 2 + - +(- 1)m
- 1
(e
i
)p'
k ~ m
+ ･ ･ ･ + 1-
fk(e
8)･
Next w ea s s um e thatk is odd. T he n w e have
gk(ei) -
(ei)A + 1
el +1
Therefわre we have
- (ei)
A - 1
- (e
i
)
k ~ 2
+ ･ ･ ･ +(- 1)
m ~ 1
(e
i
)
k - m + ･ ･ ･ 十 1 - fk(e
i
)
9ij(e) - 9k(e
%
) - fk(ei) - fij(e)
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T hu sthe re sultfollo w s. %
T heo re m 2.3. Lete - 士1 a nd let叩,0,and入be primitivep
-throots ofu niiy･
β+ 1
Suppo se - - i o re^ holds. Then we ha ve
･T7+ 1
(i) e - 1
(ii) り - O or r]0 - 1
Pro of. Sin c eり,0, a nd 入a r eprimitivep-th r o ots of u nity, w e m ay w rite 0 -
叩
k
and 入- り
l(1 ≦k,l< p).
(i) Fir st we a s su m ethatill = - 1. The n w e havenk ' 1- - り - 1 be c aus e
77+1
1
we puto - 叩
k
,
a nd s o a n equ atio n1 -
一
言り
一言nk holds･
on the othe rha nd
,
w ehave a n equ atio nl ニ ー r7 - 叩
2
- - - rlP
H l
,
which give s
u s a c o ntradiction , be c aus ep ≧5 a nd(叩,r72, - ,np
- 1)a r eline arlyindepe nde nt
ove rQ.
Ne xt we a s um e that諾 - 一 入･ T hen we have an equ ation 謡 ニ ーd,
be ca u s ewe put0 - り
k
a nd ス エ T7
1(1 ≦ k,i < p)･ He n c e a n equ atio nl ニ
ー r7
l
- r7
1+1
- r7
k holds･
Ifl - p
- 1, the n w ehave a n equ ation l ニ ー去叩k 一芸np - 1･
If l≦p - 2, then we have an equ atio nl ニ ー q
l
- r7
1+1
- り
k
･
on the other ha nd, w e have an equ ation l ニ ー r7 一 叩
2
- ･ ･ .
- rlP
l l
,
which giv es
u s a c ontradictio n
,
be c a u s ep ≧ 5 a nd(叩,り2, - , 7]P
~ 1
)arelin e arlyindepe ndent
ove rQ.
T hereforeitfollows that e = 1. T hus the re sultfollo w s.
(ii) First w e a s s um ethat旦土 - 1 holds･ T he nitis obvious thatn - 0･
T7+ 1
Next w e a s su -e that諾 - " olds･ T hen 謡 - - ds , be c a u s ew e
puto - r7
k
and 入- r7
1(1 ≦ k,l< p)I
He n c ew e have an equ atio nr7
k
+ 1 - r7
1+ 1+ r7
l
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(*)
If 1<
_
l≦p - 2,the n w ehave a n equ atio n1 - - 17
k + r7
1+ 7
1+1
on the othe rhand, w ehave an equatio nl ニ
ー 17 - r7
2
- - ･
- TIP
- 1
,
w hichgives
us acontradiction , be c a u s ep ≧ 5 and(T7,7
2
,
･ ･ ･
,
ri
p - 1)arelinearlyindepe nde nt
over Q. T he r eforeitfollow s that an equ ation i - p - 1 holds･ By aform ula(*),
w ehav e a n equ atio nk - i - p - 1) a nd s oa n equ atio n叩0 - 7
k+1
- り
P - 1holds)
be c a u s ewe put0 - T7
k
･ T his c o mplete sthepr o of ofT he o r em 213･ 感
3. M ain t he o r e ms
We shal keepthe notation ofthepre c edingtw os e ctions･
In ge n er al,ifI(I) - an x
n + - + alX + ao ∈ Z[x]a nd4,is a chara cter ofafinite
gr o up G, then wedefine age n eraliz ed chara cte ri(4,)ofa a sfollo w s
f(4,) - and,n + - + a14,+ aoIG
wherelGistheprin cipalcha r a cter ofG･
Fr o m o ur e arlierres ults[T he ore m s2･2 a nd2･3]w e have
T heo re m 3.1. Let <a > be a cyclic gr o up oforde rp a nd let4,be alin ear
cha r a cter of< a > s u chthat4,(a) - L J Whe rep(≧ 5)is aprim e n u mbe r a ndLJis
a primitiv ep
-thr o otofu nity･
For r ation al inte9e rSi a ndj(1≦i,i < p,i≠j), w e a s s u me ihat i+i≠p･
T he n w ehav e
(i) 土fij(4,)a re n ot lin e ar chara cters of< a > ･
(ii) #i,･(*)a reunits ofinBniie orderin R(< a >)
wher efij(x)isthe s a m epolyn o mialo v er Z a sthe o n egiv e nbefo re T heor e m2･2･
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proof. (i) We a su m ethat 土fi,･(4,)arelin e ar chara cters of< a > . Sinc eall
thelin e ar chara cters of< a > ar egiven by4,m (m - 0,1, - ･ ,p - 1), w e c a nwrite
土fij(4,) - ゆ
m
･
Ifw e co n siderthe valu e s ofthe s egen eralized chara cters at a ∈< a > O nbot
h
sides, the n w e have
LJ3 + 1
LL)i + 1
= w
m
or
LJ3 +1
w
i + 1
-
- LJ
m
)
be c a u sefi](4,)(a) - fi,･(4,(a))- fi,･(w) - gi,
･(LJ)by T he ore m 2･2 where gi3
･(a)is
the s a m efunction asthe on egiv e nbefore T he or e m2･21
By T he oモem 2･3(i), the s e c o nd equ a
tion do e s n't hold･ T herefo rewe have a n
LJ3 + 1
equ atio n 万 石
- w
m
･ By T he ore m2･3(ii)w ehave w
i
- w3
'
or w
i
w3
'
- w
i+3
.
- 1･
Henc ei - 3 Ori+i - p,be c a us e1 <_ i,3 < p･ T hes efa cts c ontradicto ur a ss u mption
thati≠i andi +i ≠p. T herefor e士ん(ゆ)are n otlin e ar chara cte rs of< a > ･
T his c o mplete sthe pr o ofof(i)･
(ii) First we n ote that fo rthe ide ntity ele m e nt e of < a >, a n equ at
io n
fi,･(4,)(e) - fi,･(4,(e))- fi,･(1) - fk(1
i) - fk(1) - 1holds, be c a u s e4,(e) - 1 wher e
fk(I)isthe s a m epolyn o mial over Z a sthe o n egiven before T he o r e m2･2･
For any elem ent a
l ∈< a > (1≦I< p), by T he o r e m2･2(ii)we have
fi](4,)(a
l) - fij(4,(a
l))- fij(LJ
l) - 9i,･(LJl) -
(LJl)i +1
(wl)i +1
'
be c a u s e4,(a) - w a nd LJ
lis a primitive p-th ro ot of unity･ Simi larly w e get
f]i(4,)(e) - 1 andfji(4,)(a
l) -
(LJl)i+1
(LJl)3
'
+ 1
(1≦l< p)･
T hereforeit follows that(fij(¢)I,･i(4,))(x) - (fi,A(4,)(I))(i,.i(4,)(x))- 1for a ny
ele m ent I ∈< a > . T his m e ansfij(4,)fji(4,) - 1<a, (the prin cipalchara cter of
< a >). sin ce fi,.(4,),i,･i(4,)∈ R(< a >), ijij(4,)are u nitsin R(< a >)･ By
corollary1-2 andthe state me nt(i)in thisthe orem ,itfollow s thatj=fij(*)are of
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infinite order. T his c o mplete sthepro ofof(ii)･ 艶
Ex a mple 1. Let < a > be a cyclic gr o up of o rder 5 a ndlet4, be alin e ar
chara cter give nby4,(a) - LJ Wher ew is aprimitive 5-th root ofu nity･
sinc el ･ 3 -_ 3(m ods),fori - 1 andj - 3, w e have k - 3･ He n c ew eget
f13(4,) - f3(¢)- 4,2 - ¢+1< a, whe r el<a, is theprincipalchara cter of< a > .
sin c e3 ･ 2 = 1(m ods),fori - 3 andj - 1 w ehavek - 2 andp+k - 7･ He n c e
w e get
f31(ゆ)- I,(4,3) - (4,
3
)
6
-(¢3)5+(4,3)4 -(4,
3
)
3+(4,3)2 - 4,3+1< a, - - 4,
4
+ゆ2+4,,
be c a u s eゆ5 - 1<a, holds. Actu ally w e c a n s e eea silythatf13(4,)f31(¢)- 1'a'
holds, be c a u s e*5 - 1<a> holds･
T hu s土(4,2 - 4, + 1<a,)a nd 土(- ゆ
4 + ゆ2 +4,) are units of infinite orderin
R(< a >)･
Her e afte rwhe n we c onsiderfi,･(4,)wherei a ndia r eratio n al'integers s u ch that
1 ≦i,i< p,i≠j,i+i≠p, andp(≧5)is aprim enu mbe r, w e a ss u m ethatfi3
1(I)
主sthe s a m epolyn o mial ove rZ a sthe o n eglVe nbefわre T he o r e m2･2･
Now Ⅵre state s o me re sults about
㍑te n s orindu ction
乃
,
wbicb willbe ne ededlater･
Let H be a s ubgr o up of G and cho o s e a s et Tofr epr es entative sfor th
e right
c ｡ s ets ｡fH in G. Sinc ea a cts o nthe s et ofrightc os ets of H by(H t)9 - H t9(i∈
T
,9 ∈ G). We w ritei ･ g ∈ T to de n ote the repres e ntative ofthe c o s et H t9, S O
that(i9)(t･ g)
- 1 ∈ H ･ T hus ･ defin e s a n a ction ofG o nT･
Fix 9 ∈ a and let n(i)den ote the size ofthe < g > - orbit o n T c ontainingt･
T he n) by the s am e c alc ulation a sis u s ed when developingthe transfe r m ap,
we
ha ve舌9
n(i)士
- 1 ∈ H fo ri∈ T･ LetTo be a set ofrepres e ntative sfor the < 9 >
- Orbits
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o nr.
Let p be a cla s sfu n ctio n ofH ･ T hen we defin e p
⑳G
on a) which is c alled a
ten s o rindu ction ofpto a, bythefor m ula
p
⑳G(9) - Ⅲ柁 To P(io
n(i)r l) for g ∈ a (
**)
(se eDe丘nition 2･1 in[3])･
Expo sitions ofte n s o rin 血 ctio n)includingthe details ofthe c o n structio n c a nbe
fo u nd in[2],[3],[5], and[6]･
Ifp IS age n e r alizedcha r a cte r ofH)the np
⑳Gis als o ageneraliz edchara cte r of
a by T he ore m A in[3]･
Let u be a unit in R(H). T he n w eprove that u@
G is als o a unitin A(G)･ In
fa ct
,
sin c e uis aunitin A(H), the r eis an ele m ent vin R(H)suchthatu v - 1H(
the principalcha r a cte r ofH). By T he ore m Ain[3], u⑳
G
a nd v⑳G are ge n eraliz ed
cha r a cters of a. For any ele m e n七gin a, by afo r m ula
'
(* *)w e have
(u@
G
v@
G)(9)- (u@
G(9))(veg(9))
- Ⅲ柁 T. u(ion(
i)舌
~ 1
)n綻To V(f9
n(i)i
一 l
)
- n綻 T.(u v)(to
n(i)r l) - rI七6To (1H)(to
n(i)i
- 1) - 1,
be c a u s e u v- 1H a ndto
n(i)舌
- 1
∈ H fori∈ To･
Henc e u@ Gv@ Gisthe principalchara cter ofG･ T herefore u
@G is au nit in A(a)･
By The ore m 3･1 w ehave at onc e
T he o r em 3.2. Let H be a cyclic sub9r O uP Witha gen erato r aofo rde rp in a
jinitegr oup G wherep(≧ 5)is aprim e n u mbe r･ Let4,be alin ea r chara cter ofH
s uchtha叫(a) - LJWhere wis a primitiv ep-thr o otofu nity･ T he n土fij(4,)
⑳G (1≦
i
,i< p,i≠j,i+j≠p)a re u nitsin R(G)･
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R e m a rk. In T he ore m 3.2, j=fi,･(4,)⑳
G (1≦i,i.< p,i≠j,i+i≠p)
ar en ot
alw ays u nits ofinfinite order. We c a ngive a c o unte r exa mple･ Le ta - Sn(n >- 5)
bethe sym m etricgro up o n n symbols andletxbe anychara cte r ofG･
Thenx(g)∈
z for a ny ele m entg ∈ a. Henc e any u nit of R(a)is of finite orderby Le m m a2･1･
Let H be a cyclic s ubgr o up ofa withagenerator o
･
(a cyclicpe r m utation ofle ngth
p,5≦p ≦ n, andpis aprim e n u mbe r)･ The nH - < cr >is a cyclicgr o up oforder
p(≧5). Let4,be alin e a r chara cter ofH suchthatゆ(g) - w whe reuis aprimitiv e
p-th ro ot of mity. T he nby The or e m3･1, 士ん(4,)(1 ≦i,i< p,i≠j,i+i≠p)
ar emits ofinfinite o rderin R(< cr >), but j=fi,･(*)@
G
are units of finite o rderin
R(a). (SeeExa mple2･)
Let G' be the co m mutato r subgr o up of aand pI[G/a
llwhere p(≧ 5)is a
prim en u mber.Sin c ea/G
'is an abelian gr o up,the r eis an orm als ubgroup H of G
c o ntaining G
'
suchthat a/H - < aH > is a cyclic gr o up oforderp (a E a)･ Let
4,be alin e ar char a cter of< aH > s u chthat4,(aH) - w where wis aprimitive
p-thro ot ofu nity. T he n*c anbe view ed as a chara cter ofG･
In the abo ve sit11 ation 】 by T he o r e m3･1 we have
T heor em 3.3. IflG/a
l
lhasa divis o rp(≧ 5), the n士fi,,(ゆ)(1≦i,i< p,i≠
i,i+i≠p)ar eu nits ofinBnite orderin R(a)･
T heor em 3.4. IfG/a
/ is n on -trivial(that is, a ≠G
′)andR(a)ha s no u nit
ofinPnite orde rfor a&nite gro up a where G
l isthe c o m m uiaio r sub9rO uP OfG,
the n a/G'is a(2,3)-9rO uP･
pr oof. Sup po s ethat G/a
/is n ot a(2,3)-gro up･ T he np HG/a
′lfor s om e
18
prim e n u mber p(>_ 5)be c a u s ea/G' is n on-trivial･ By T heor e m3･3 R(a)has
units ofinfinite order. T his c o ntradictsthat R(a)hasno u nit of infinite o rde r･
He n c ea/a/is a(2,3)-gr o up･ 圏
E x ample 2. Let a - Sn(n ≧ 5)be asym m etric gr o up o n n symbols･ T he n
Gl = An is an al tern ating gro up on n symbols andlG/a
′
l - 2 whe r eG
'is the
c o mm utator s ubgr o up ofG･ The r efo r eSn ha stw oline ar cha r a cters xl?X2
Whe r e
xl is the principalcharacter of Sn a nd x2is alin e a r character of Sn s u ch that
x2(J) - 1 ifc,is an ev nper mutation andx2(o
-
) ニ ー 1ifcris an oddpe rm utation ･
sin c ethe valu e s ofchar a cte r s of Sn are ratio n alintegers, byLem m a2･1the u nits
in R(Sn)ar e of finite orde r a nds o w ehave U(R(Sn))- Uf(R(Sn))
- (j=xl, 土x2)
by Co r ollaryl･2･
E x ample 3. Let G - < α > be a cyclic gr o up ofo rder m (m - 3, 4,6)･ T he n
IG/a
l
l- m ,thatis, a/G
′is a‡2,3)-gr o up where G
′isthe c o m m utato r s ubgro up
of G. Let A a nd Bbe the ring of algebr aic intege r sin Q(i) and the ring of
algebraicintegersin Q(J巧), re spe ctiv ely wherei - v q ･ T he nU(A) - Uf(A)
-
(士1,i i) and U(B) - Uf(B) - (土1,士p,土p
2‡hold where p -
- 1 +J=き
Let t･･:
be aline ar chara cter of < a > s u chthat4,(a) - LJ Where wis aprimitiv e m-th
ro ot ofu nity･ Sinc ew ∈ A or w ∈ B) by Le m ma 2･1 and Corollaryl･2 we have
u(R(< a >))- Uf(R(< a >))- (土4,
i Ii - 0,1, - , m - 1)I
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A N O T EO N C H A R A C T E R R I NG
IS O MO R PH IS M S
Ke nichi Ya m a u chi*
Departm e nt of Mathe m atics, Fa c ulty of E du c atio n,
Chiba Univ e r sity, Yayoi-cho, Chiba ,Japa n
A BST R ACT
Inthis a rticle w e willc onsiderto what exte nt the existenc e of aniso morphis m A
of R(a)(the chara cte r ring ofa)onto R(H)fortw o finite gr o ups G and H, c a n
in且uenc ethe m odula r r epres e ntatio n s of 丘ni七e gr o ups･
We willstate m ain the o r e m s withr e spe ct totheis o m orphis mA. Fir st w e wil
pr ove that Aindu c es abijection fro m the s et ofp
l
- s e ctio n s ofa to the s et of
p
'
- se ctio n s ofH ･ Se c o nd w e willpr ovethatAinduc e s abijectio nlBfr om Bl(a)
to B l(H)a nd if B l(a)∋ Bi - Bi∈ B l(H)which is dete r mined by 入B, then
k(Bi) - k(Bi),I(Bi) - I(Bi), anda(Bi) - d(B;)hold,where Bl(a)a nd Bl(H)are
the s ets ofall(p -)blocks of aa nd H r espe ctiv ely,k(Bi) - [Ir r(Bi)I,Irr(Bi) - the
s etofallno n-is o m o rphic ordin ary abs olutelyirredu cible chara cte r s ofabelonging
*correspo nde n c e:Kenichi Ya m a u chi,Depa rtm e nt ofMathe m atic s,
Fa culty ofEduc atio n,Chiba Unive rsity,Yayoi- cho,Chiba263-8522,Japan;
E- m ail: ya ma u chik@fa c ulty. chibか u .jp
T his a rticle will be sub mitted forpublic atio n els ewhere.
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to Bi,i(Bi) - lJ Br(Bi)l, I Br(Bi) -the s et ofalln on -is o morphicir r educible
Br a u er chara cters ofa belo ngingto Bi, d(Bi) - the defe ct of Bi, a nd s o o n.
Key W o rds: Irr educible cha r a cter ;Irredu cible Bra u er char a cter ;Cha r a cter
rlng; Bra u er chara cte r rlng;P - Blo ck ofafini七e gro up ;Defe ctgro up･
20 00 Mathe m aticalSubjectCla s siBcaiion: 20C15, 20C20
1. I NT ROD UCT I O N
T hro ugho ut this a rticle a,Z, a nd Q denote a finite gr o up, the ring of ratio n al
integers) a nd the ratio n alfieldrespe ctively･ M or e o v e r w ewrite Z to de n otethe
ring ofallalgebraicintegersinthe c o mplex n u mbers and百tode n otethe algebraic
clo s ure ofQin thefield ofc o mplex n u mbers･ For afinite setS, w eden otebyTSl
the n u mber ofele m entsin β.
LetIrr(a)- (xl, ･ ･ ･ ,Xh)bethe complete s et ofabs olutelyirreducible c o mplex
chara cters of G･ T he n w e w rite 雷R(a)to denote the 雷 - algebra spa n n ed by
‡xl, ･ ･ ･ , Xh)･ Thatis, 雷R(a) - (∑8P=1 aiXiIai ∈ 雷(i - 1, … ,h)).
For tw o finite gro ups a a nd H, 1e七人be a要 一 algebr ais om orphis m of雷R(a)
o nto 雷R(H)･ T he nin[5]saks onov provedthefollowingtheore m.
T he o r em l･1(Saks o n ov) Iflr r(a)- (xl, - , Xh)a nd lr r(H) - (4,1, . . . ,4,h),
then thefollo wing Propertie shold:
(i) The chara ctertable s ofG and H a r ethe s am e. (This re s ult w a sproved
in[5 a nd 6]bySaks o no v a nd Weidm a nindepende ntly. )
(ii) A(xi) - Ei4,i (杏 - 1! - ･,h)whe rethe ei a re roots Ofu nity . (Zn this c a s e
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w e wriie xiう中i (i - 1, … ,h).)
In addition weprovedthefollo wingthe ore m in[
8]
) w hich is a strengthened ver sio n
of(ii)of T he ore m 1.1.
T heore m l･ 2･ Suppose a a nd H a rePnite gr o ups. The n w eha ve
(i) Ifu is a c e ntr al ele m e nt in a a nd Tu : 雷R(a) → 言R(a)is the m ap
de&ned by x → (x(u)/x(1))x where x ∈Ir r(a)a nd 1is theide ntity ele m e nt of
a, then Tu is a n 万 一 a uto mo rphis m of雷R(a).
(ii) Every 雷 - is o mo rphis m 入 : 雷R(a) ー 雷R(H)is the co mpo sitio n of
a 万 一 is o m orphis m 0 thai m aps Ir r(G) o nto Zrr(H) witha n a uto m o rphis m of
ZR(H)ofthefo rm Tu fo r so m e el m e nt u in Z(H) (the center ofH).
Let Cl(a) - (el, ･ ･ ･,eh)be the c omplete s et ofc o njugate clas se sin G and
(cl, - , Ch)be a c o mplete s et ofr epr e s e ntative s ofel, … ,eh re spe ctively. T hen we
defin ethe chara cte ristic clas sfun ctio n s o na.
D efinitio n l･3･ We defin e cla s sfu n ctio n sfi O na (i - 1, . . .,h)asfollow s
fi(ci) - 1, fi(cj) - 0 (i≠j).
In this c a s ew e s aythatthe se classfu nctions arethe chara cte ristic cla s sfu n ctio n s
on a a ndthatfi c or re spo ndsto ei Or ei C Or reSpO ndstofi (i - 1, … , h).
An applic ation ofthe chara cteristic classfu nctions ofafinitegroup IS O n e Ofthe
basic to olsin the study ofthe stru cture ofa chara cter rlng Ofafinite gro up a nd
such applic ation sare also stated in[
7
, 8 , 9 a nd lO]
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By m aking u s e ofthe chara cte ristic cla s sfunctioins on a,w e state abije ctio n
fr o mCl(a)to Cl(H)thro ugha 雷 - algebr ais o m o rphis m入 of言R(G)o nto雷R(H)
fortw o finite groups a a nd Hasfollow s.
we c an exte nd 入 to a nis om orphis m烹 of百R(a)o nto 百R(H)byline arity
wher efo r afinite gr o up G w e w rite 百R(a)to den ote the 百 - algebr a spa nned
by Ir r(a) = (xl, ･ ･ ･, Xh)･ Letfi be a cha r a cte ristic clas sfu n ction o nG which
c o r r e spo nds to ei ∋ ci . T he n w eget
fi -
[CG(ci)I
h
∑石両xj
j= 1
whe r efor a c omplex n u mber α we den oteits c omple x c o njugate by昏 ･
ノ ､ _ ノ { ヽ
sin c efi∈ 百R(a),itfollowstha七人(fi)∈百R(H)and 入(fi)is als o a chr a cte ristic
clas sfu n ctio n o nH (i - 1, . . . ,h). In[
7] weprovedthis r e s ult in the c a s e ofm odular
repres entations of finite gro ups･ In the c a s e of rdin ary repr e s e ntatio n s offinite
gr oupsthis r e s ultals o c a nbe pr ovedin a similar way･
Fo r a c o njugate cla ssei Ofa, ei c o rr e spo ndsto a cha r a cte ristic cla ssfu n ctioin
〈 ′ ヽ
fi O na. Sin c eA(fi)is a characteristic cla ssfu n ctio n o nH, A(fi)c o re sponds to
a c onjugate cla s sa;of H . He r ewe a ssign a;to ei (i - 1, - ,h)･T hu s w eget a
bijection fro m C l(a)to Cl(H):
こ;lコ
ci ∈ ei → fi → 入(fi) → e;∋ c; (i - 1, … , h)
where C l(G) - (el, ‥ . ,eh), Cl(H) - (a
l
l, - ,e
'
h),(cl, - , Ch) and(c
'
1, - ,C
'
h) are
c o mplete sets ofrepre s e ntative s ofthe c o njugate Clas s esin a and Hr e spe ctively･
In this c a s ew e w rite ci与 c;(i - 1, . . . ,h).
Conc er ning the above is o m orphis m A, the following state m ents hold･ T he se
re sults s e e mto be mostimpo rtant･
(i) ICG(ci)I- 暮CH(c;)1 (i - 1, - ･ ,h) where(clフ ･ ･ ･ , Ch) and(c
J
l, - , C
'
h)are
co mplete s ets ofr epre s entativ es ofthe c onjugate Clas s esin a a nd H re spectively
J
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a ndci与 c; (i - 1, … ,h).
(ii) W ith r espe ctto an in n erproduct,(xi,Xj)a - (A(xi),A(xj))H forxi, Xj ∈
Irr(a)･
In gene r al, c o n c ern lng an is o m orphis m A of a Br a u e r chara cte r ri ng O nto a n
-
other
,
the above state m e nts(i)and(ii)do n ot alw ays hold･ In,[
7 a nd lO] w e gave
a n e c e s s a ry nd su氏 cie nt c o ndition u nder which the above state m ents(i)and(ii)
hold.
In[10]w epr ovedthefollowingLem m al A(inthe c as e of m odularr epres entatio n s
of finite gr oups)a nd T he o r em 1.5 about a 要 一 algebr ais om orphis m 入 of雷R(a)
o nto 雷R(H)for tw o finite gr o ups a a nd H ･ We als o c an pr ove Lem m al･4 in a
simila r w ayinthe c a s e of rdin a ry r epr e s e ntations of finitegro ups･
Le m m al･4･ (xi(c,I)･ - (A(xi)(c;I)) (hxh m atric e s) , where Ir r(G) 主
(xl, . . .!Xh)andc] う c;･ (i-1, ･ ･ ･ ,h).
T he o re m 1.5. Ifxi andxj arein the sa m eblo ck ofGfor xi,X,
I ∈ Ir r(a),
then*i a nd4,,A arein ike sa me blo ck ofH where xt う4,i (i-1,･ ･ ･,h), Irr(a) -
(xl, . . . ,Xh), a nd Ir r(H) - (¢1, - ,4,h)I
In this article we willstate applic atio n s ofLe m m al･4 andT heore m l･5) a nd we
willc onsider to whatexte ntthe existenc e ofan is o m orphis m A ofa chara cter ring
onto a n other c a nin且u ence the m odula rrepre s entations of丘nitegr oups.
suppos ethat we are given a n雷 - is om orphis m 入 of雷R(a)onto 雷R(H)for
tw o finite gro ups a and H･ T hen o ur m ain obje ctive is to prove tw o the orem s･
First we willprove atheore m which state sthat Ainduc e s abijecttio nfro m the
s et ofp
/
- se ctions of a to the s et ofp
l
- s e ctions ofH ･ Se c ond w e willprove･a
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the ore m whichstatesthat thereis abijectio n^ B betw e e nB l(a)and Bl(H)and if
B l(a)∋ Bi当 Bi∈ B l(H),the nk(Bi) - k(Bi),i(Bi) - I(B:), a ndd(Bi) - a(B:)
hold
,
where Bl(a)a nd B l(H)ar ethe s ets ofall(p -)blo cks ofG a nd H r e spe c-
tively, k(Bi) - LIr r(Bi)l,Irr(Bi) - the s et of al1n on -is o m o rphic o rdin a ry abs o-
lutelyirr edu cible chara cte r s of abelo ngingto Bi,l(Bi) - fI Br(Bi)1, IBr(Bi) -
the s et ofal 1n on -is o m o rphicirredu cible Brau er chara cters ofa belonglngtO Bi?
d(Bi) - thedefe ct ofBi, a nds o o n･
Fro m n ow on, w he n we c onsider ho m o m orphis m sfr o m one algebr ato a n othe r)
unles s other wis e spe ci丘ed w e shall de al w 地 algebra bo m o m orpbis m s o nly･
2. PRE L I MI N A R I E S
Le七人be anis o morphis m of雷R(a)o nto 雷R(H)fortw ofinite gr o ups a a nd H
througho ut this article. T hen w ehavelot- IHIa nd 入(xi) - ei4,i (i - 1, - , h)
wher ethe ei a r eroots ofu nity , Zr r(a)- (xl, - , Xh), and Irr(H) - (4,1, ･ - ,*h)･
Here w e s et入｡(xi) - 4,i (i - 1, . . ., h)･ Then 入｡ is a nis o m o rphis m of雷R(a)onto
雷R(H)(Se ethe pro of of The o r em l･2 in【
8]
･) and w e saytha七人｡ is as s o ciated
with .^
Letpbe a r ationalprlm e･ T he n we s et up ap
- m odular syste m a sfollow s
K - a n algebr aic n u mbe rfieldwhich c o ntain s allIGlthr o ots of u nity,
R - the ring Ofalgebr aicintege r sin K ,
P - apri meide al in Rwhich c o ntains the u niqu eratio n alprim eP,
雷 - R/P - a re sidu e cla s sfield - afinite fieldofchara cteristicp･
Let Rp,7TR p,R
･
,
7TR･(- P･), and K
* be the s a m e astho s e atpage 584 in[
1]
･
α ∈ R(or α∈ Rp o r α ∈ R
*) - 昏 ∈ 万 - R/P 竺 Rp/7TRp 望 R
*/P* ･
T hen(K * , R* ,育)is ap - m odular syste m and w efiⅩ this notatio n･
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Let(軒 , . . . , 布)bethe s etofthe cha r a cters ofalln on -is o m orphic abs olutelyir r e-
du cible 雷G - m odule s a nd I Br(a)- (pl, - , P,)bethe s et ofalln on -is om o rphic
ir redu cible Brauer characters of a. Now w edefinethe character ring a雷(a)ove r
育:
a宵(a)- ‡∑;=1 a痢 I ai ∈ 育 (i - 1, - , r))
The n w e have
T he ore m 2.1. Ifthe reis an is om orphism 入 of雷R(a)onto 雷R(H)for tw o
jinite gro ups a and H, the ndim 雷 a雷(a) - dim 官 a宮(H)･
The o r e m2.1 will bepr oved afte rwe prove thefollo w i ng The ore m2･2･
Let(cl, . " ,C,)be afulls et ofrepr es e ntatives ofthep - regular c onjugate cla ss es
(el, … ,a,)ofa. T he nby Le m m a40･7 in[
1〕
,
for e a ch cithereis an ele m ent りi
which is an R - lin e a r c o mbina,tion ofordin ary abs olutelyirr educible characters of
a s u chthat
(i) T7i(g)∈ Z fo ral19 ∈ G,
(ii) りi(a) - 0if9p,(thep - r egular co mpo n e nt of9)東ei,
(iii) Tli(9)
-
- 1 (m odp)ifgp, ∈ ei,
(iv) Tl(a)+r]2(9)+ ･ - + r7,(9)≡ 1(rT Wdp)for al19 ∈ G･
T he n w e c an provefor theis o m orphis mA
T heor e m2.2 (
-
A(T71), - ･ ,A(r7,))are o riho90 n al(ce ntral)primitiv eide mpote nts
in a 雷(H)and so ar elin earlyindepende nt o ve r育 ･
pro of. We ke ep the above n otation ･ By the c o ndition (ii), (r7i7j)(9) -
叩乞(9)n,･(g) - 0 (i ≠i)for every ele m ent g of G･ By the c onditio n(iii), for
1
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9∈ a with9p, ∈ei, W ehaveり8?(9)- (叩盲(9))
2
≡ 1 = 叩i(9) (rTWdp)･
Bythe c onditio n(ii),fo r9 ∈ a with9pl卓 ei, W ehave r7i(9) - 0･
He n c ew e getn?(g)≡ r7i(9) (m odp)for all9 ∈ G･
T hereforei布, - 滞)are o rthogon alprimitiveidempote ntsin a宵(a)･
Ifa c onjugate class of ac ontaining an ele m e nt9 c or re spondsto a c onjugate
clas s ofH c ontaining a n el m e nt h thr o ughtheis o m o rphis mA a s statedin s e ctio n
1, the n w e m ay w rite 9 与 h for simplicity a nd w e have xi(9) - A(xi)(h)for
xi ∈ Ir r(a)by Le m m al･4･
sup pos ethat9 ∈ a and9p, Eei a nd9 与 h(∈ H)･Then w eprovethat 杓i)(h)≡
1(m odp)･
sin c er7iis an R - linear c o mbin ation of Ir r(a) - (xl, - , Xh),W e C a nW rite
叩壱 - ∑?= 1 riXi, ri ∈ R
whe r eRisthe ring ofalgebr aicintegersin K . He n c eA(m) - ∑%?=1 ri入(xi)bec a u s e
A is aZ - algebr aho m om orphis m･
Ifx 与 x/ and I range s o v e ralr epre s e ntative s of the c o njugate cla s s e s ofa,the n
a
/
als o r a nges over all repr es e ntative s ofthe c onjugate Cla s s es of H be c au s ethe
is o m orphism Ainduc e s abijection fr o mCl(a)to Cl(H)･In ad dit on by Le m m a
1.4 w e have
入(ni)(x
'
) - ∑%?= 1 ri(A(xi)(x
I
))- ∑?= 1 riXi(I) - 甲立(x)
where x与 x'. sinc eり豆(I)∈ Zfor al13:∈ abythe c onditio n(i)and入(xi)is a cla ss
fu n ction o nH by Theorem 1.1, A(T]i)is a classfun ction o nH a nd 入(りi)(x
')∈ Z
for allI/ ∈ H .
sinc ew e a ssu m e that9 うh and9p, ∈ei, bythe abovefor mula wege七人(りi)(h)-
り豆(g)≡ 1(m odp)be c aus eりi(9)≡ 1(r,wdp)bythe conditio n(iii)･T hus w eprove
that入(r7i)(h)≡ 1 (m odp)･
ヽ
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Itfollow s that 入(r7i)≠0 in a雷(H).
For al19 ∈ a, 叩8?(9) ≡ りi(9) (m od p). If G ∋ 9 与 h ∈ H and 9 ru n S
throughallrepre s e ntatives of the c onjugate cla s s esin a,then h runs thr oughall
repr e s e ntatives ofthe c onjugate Cla s s e sin H . Therefore
入(叩t?)(h)- (A(7i))
2
(h)- (A(T7i)(h))2 - (Tli(g))
2
- T18?(9)≡ りi(g)
- A(r7i)(h) (m odp)for a11h ∈ H .
T hisi-plie s(両前)
2
- 再訂･ sin c ewj - 0 (iij), A(w,･) - A(m)A(m) - 0･
Thisimplies that(不前, … ,両前) are o rthogon al ide mpotentsin a雷(H)ands o
a reline a rlyindepe ndent overK . Fr o mthisfa ct w e c a nprove T he o re m2.1 which
willbe stated afterward. T herefo rewe c a n e a sily show that(両前, … ,再訂)ar e
o rthogo n al(ce ntral)primitiveide mpotentsin a雷(H)･ □
ProofofT he o re m2･1･ (A(r71), - ,A(り,))ar elin e arlyindepe nde nt ove rK and
belo ngto a宵(H)･ Henc er - dim雷 a雷(a)≦ dim 宵 a雷(H)･
On the other h and,ifw e c o n side r入
- 1
‥雷R(H) → 雷R(a)(theinve r s e of入),
in a similar way w e c an e asily prove thatdim雷 a雷(H)≦dim 雷 a雷(a)a nds othe
res ultfollows. □
3. M A I N T H EOR E M S
We ke epthe n otation in s e ctio n2. Fo r ap - regular c onjugate cla ssei Of a, w e
de n ote ap
'
- se ctio nc o ntaining eiby[ei];[ei] - (x ∈ aIxp, ∈ ei) (i - 1, - , r)･
T hen w ehavefor theis o mo rphis m A
T he o re m 3･1･ If9与 h, g
/ う h'for9,9' ∈[ei], the nhp/ andh;, belo ngtO
the sa m ep - regula rc onjugate Cla s a;ofH and so h, h' ∈[e;]. ｢In this ca s e we
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w rite[ei]与【e;].) Thatis, thereis abijectio nbetw e e nthe s et ofp
l
- s e ction s of
a and the s et ofp/ - s e ctions ofH .
Pr o of. By T he ore m 2.1 w ehave dim 雷 a宵(a) - dim 万 a雷(H) - r. Let
(c
l
l, … , C;)be afulls etofrepre sentatives ofthep - r egular c o njugate cla ss e s(a
l
l,
-
,e
I
,)
ofH . T he nby Le m m a40.7 in[
1]
,for e a ch c;the r eis an el m e nt ll芸which is an
R - lin e ar c o mbin atio n ofordinary abs olutelyirreducible char a cte rs ofH , s u ch that
(r7i, - ,T7L)s atisfythe c o nditions(i),(ii),(iii), a nd(iv)which are stated before
T he ore m2.2 in se ction 2. Mo r e ove r(有, … ,有)ar e o rthogonal(ce ntr al)primitive
ide mpotentsin a官(H)･
on 七he other hand
,
by Theo rem 2.2(再訂, … ,再訂)are o rthogo nal(centr al)
primitiveide mpote ntsin ag(H). T her efor e(再訂, . . . ,不前)are equ alto 何, - 局)
as s ets and s ow e m ay w ri七e平石 - 宿 (i - 1, … ,r). (Seethe pr o of of Lem m a
2.3in[7].)sin c e9 a nd9
' belo ngto[ei]by ass umption,
1 - 布(g)- 宿(9') - 不前(h)= 不前(h′) - 誘(h) - 誘(h')
He n c ehp, and h去′ belo ngtoa;I T he r efore h andh
'belo ngto[e;]･ T hu sthe re sult
follow s. □
We put
B l(a)- (Bl, - , Bt)- the s et ofall(p -)blo cks ofa,
Zrr(Bi)- the s et ofalln o n-is o m o rphic ordinary abs olutelyirr educible cha r a cters
ofa blongingto Bi,
Z Br(Bi)- the s et ofal1 n o n-is om orphicir r edu cible Bra uer cha r a cte rs of abe-
lo ngingtO Bi,
k(Bi) -IIrr(Bi)i,i(Bi) - II Br(Bi)L, and d(Bi)- the defe ct of Bi.
31
For a nis om o rphism 入 of言R(a)o nto 雷R(H), 1et 入(xi) - eiゆi (i - 1, - , h)
whe r ethe ei are r o ots Ofu nity, Irr(a)- (xl, . . .,Xh), a ndIr r(H) - (4,1, - ,*h)･
Ifx,x
,
∈ Bi a nd x 与4,,x
′ 与4,
I
,
the nby T he or e ml･5 itfollows that4, and4,
′
belongtothe s a m eblo ck B;ofH ･ T her efore we c an a sslgn Bito Bi･ Inthis c a s e
w e w rite Bi
^
j B2 (i - 1, . . .,i).
Ifx ∈ Bi, X
/
∈ Bj(i≠j)and xうゆ,x
/ 与4,I, the n* a ndy,
Ibelo ngtodiffe r ent
blo cks of H. Infactif4, a ndゆ
′belo ngto七he sa m eblo ckof H,then x andx
′
m u st
belo ngtothe s a m eblo ck ofa by T he o r e ml･5 , be ca u s eゆ
^1 x,q ^3 x' where
A
- 1 is theinvers eof ユ, and¢ a nd4,/ arein the s a m eblo ck ofH ･ T his c ontr adicts
that x and x
/ belo ngto different blo cks of G･
By the above c orre spo nde n c e, it als ofollows thati
- lBl(a)I<J Bl(H)卜If
w e c o sider 入
- 1
: 雷R(H) → 雷R(a) (thein v e r s e of ユ), the n w e can s e e e a sily
IBl(H)i≦IBl(G)I- i･ Hen c eIBl(a)i- lBl(H)I･
we a r en o w r e adyto pr ovefor theis o m orphism A
T he .re m 3.2. There is abijectio n入B betw e e nBl(a) - (Bl, I - , Bt) a nd
B l(H) - (Bi, I - , B;)･ More o v er, ifBi当 B; (i-1, - ･ ,i), then thefollo wing state
-
m e nts hold :
(i) k(Bi) - k(Bi),
(ii) i(Bi) - i(B;),
(iii) d(Bi) - a(B:)･
p,o of. (i) Sinc e入(xi) - eiゆ壱(i - 1, - ･ ,h),itfollow sthatxiうゆi(i - 1, ･ ･ ･ ,h)･
ByT he o re ml･5 w e c an easily prov ek(Bi)≦ k(B;)･ Ifwe c onsider入
- 1
:雷R(H) →
雷R(a) (thein ve rs e of A),the n similarly w e c a n obtain k(Bi)≦ k(Bi)･ T husthe
res ultfollow s.
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(ii) Let Gobethe s et ofallp - regula r ele m e ntsin a. For an irr edu cible Br a u e r
chara cterp of G, w efirstshow that
p - ∑xeI, ,(B) m 甲X(xk.), m 甲X ∈ Z
whe r ep ∈ B , B is a(p -)blo ck ofG , andxIGo de n ote sthe re strictio n ofxto G.･
■
′■
ヽ
We defin e a cla s sfu n ctio np o na bys etting
p
^
(I) - p(xpl) , (x ∈ G)･
T hen p
^
is ageneralized char a cter ofa. T hatis, p
^
is the Br a u erlift ofp. (Se e
T he o r em 1 8.12 in[2]. ) T herefore p
^
c a nbe w ritte n a s aZ - line ar c o mbin atio n of
(xl, ･ . ･, Xh) - Ir r(a);
p
^
- ∑x∈I, ,(a) nPX X , n甲X ∈ Z ･
He n c eitfollow s that p - ∑x∈I, ,(G) nP X(xIGo)･
On the otherha nd, w e c a n w rite xIGo - ∑peI B,(a) dx p p wher ethe dx p are
de c o mpo sition nu mbers･ W ithr espe c七tothede c o mposition n u mbe rsdxp)ifx a nd
p arein differ e ntblo cks of a,then wegetdx p - 0･
Sup pos ethat I Br(B) - (pl, . . ･ , Pu) and I Br(a) - (pl, ･ ･ ･ ,Pu, Pu+1, - , P,)･
T he nfor x ∈ Ir r(a), w e have xIGo - ∑;= 1dx 甲iPi･
Furthe rw e get
p - ∑xeI, ,(G)nP X(xIG｡) - ∑xEI,,(a)n甲X(∑;= 1dx piPi)
- ∑,T= 1(∑x∈I, ,(a)n P Xdx 甲j)p3
･ + ∑;= u .1(∑x∈I, ,(G)nPXdx pた)pk
- ∑,T= 1(∑x∈I, ,(B)nP Xdx pj)pj+ ∑
r
k= u.1(∑x｡I, ,(G),x4I, ,(B)nP Xdx pk)pk ･
Sinc eI Br(G)- (pl, . . . , Pu , Pu+1, - ･, P,) a r eline a rlyindepende nt over Z and p ∈
J βγ(β), we get
∑
r
k= u . 1(∑x∈I, ,(a),xgI, ,(B)n P Xdx pた)pk - 0 I
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T be r efbreitfわllow sthat
p - ∑,T= 1(∑x∈I, ,(B)nP Xdx 甲,･)p,
･ - ∑x∈I, ,(B)n P X(∑,
T
= 1dx甲jP3
･)
- ∑x｡I, r(B)n P X(xIG｡) I
Ifw e s et n p x - m p x, the n w eget
p - ∑x∈I, ,(B) m やX(xIGo) , m px ∈ Z
which is a払r m ula w e w ant to show .
In orderto pr ove(ii)and(iii)we omit the su氏 Ⅹ
"i " for simplicity･
suppo s ethat B 当 B' a ndIBr(B)- (pl, - , Pu). T he n w e m ay w rite
pi - ∑x∈I, ,(B) m PiX(xIGo), m piX ∈ Z (i
- 1, ･ ･ ･ , u)･
He n c e we have 南 - ∑x∈I, ,(B)而 ㌫ 烹･
Her ew edefin e anew l ine ar m apFLfro m a官(a)to a雷(H)asfollow s
we s etFL(初 - ∑ 仰 ,(B,) 野蒜亭, (i - 1, ･ ･ ･, u)
whe r eIr r(B)∋ x与4, ∈ Zr r(B
′
). T hen we haveFL(初∈ a雷(H)･
If A. istheis o m o rphis m which is a s so ciated with A )the n w eget
^
zrr(B)∋ xう¢ ∈ Ir r(Bl)bec a u s e入(xi) - ei4,i and入.(xi) - *i七hat is, xi 1
4,i a ndxi与4,i(i - 1, . . . ,h)wher ethe ei a r e r O OtS Ofunity,Ir r(a)- (xl, - , Xh)
,
a nd Ir r(H) - (*1, ･ ･ ･,4,h)･
If[e]∋ ∬う x
'
∈[e
'
]where[e]and[e
']arep
′
- s e ctions ofG and H respe ctiv ely,
then we have音節 - 両市 ands op拓)(x') - 両(I) (i - 1, - ,u)･
Ifx う x' and I r a nge s over allrepre s e ntative s ofp
/
- s e ctio n s ofG, the n x
'
als o
ra nge s over allrepres entative s ofp
l
- sectio n s ofH by T he orem 3･1･ T herefore we
have
両(xj) - ～(蘇)(I;･) (i - 1, ･ ･ ･, u) (i - 1, - ,r)
where【ej]∋ ∬,･ 与 x;I ∈【e;･],[ej]and[e;･]ar ep
/
- s e ctio n s of a and H respec-
tively (i - 1, . ･ ･ , r)･
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sin c e‡軒 - , 拓)areline a rlyindepe nde n七over雷,(p(蘇), - , p(拓))arelinearly
indepe nde nt. Ea ch市(¢ ∈ Irr(B
/
))is a万 一 1in e a r c o mbinatio n of(菰 ･ ･ ･ , 石)
where(p
'
l, . , ., PL′) - I Br(B
'). Hen ce e a ch p(蘇)is a 育 - lin e arc o mbin ation
of(菰 … ,て石)･Thu s w e have I(B) - u ≦ u' - i(B′)･ By c onsidering 入
~ 1
‥
雷R(H) → 雷R(a) (thein vers e of ユ),in a similar way we c a n obtain i(B) -
u ≧ u
I
- I(B
'
). Henc ei(B)- l(B
'
)･ T hu sthe r e s ultfollows･
(iii) For a∈ Z, we defin e a n o n-去egative ratio n al integer u(a)by p
u(a)l)a･ (
Thatis,p
u(a)1a butp
y(a)+1†a .)Let B be a(p -)blo ck ofG･ The nthe defe ct of B
isglVe nby
d(B)- e - min(u(xi(1)); xi ∈ Ir r(B))
where e = u(IGI)- u(lHI)a nd1 is theidentity elem e ntin G. If B当 B
'
and
Irr(B)∋ xi与4,i ∈ Ir r(Bl)(i - 1, . . . ,s)where a - k(B) - k(B
l
), the nbythe
pro ofof The ore m 2.2 in[
10】itfollow s thatxi(1) - ゆi(1) (i - 1, - , s)foride ntity
ele m ents1 in a a nd H . 1Sinc ethedefe ct of B/is give nby
d(B
′
) - e - min (i,(4,i(1));4,i∈ Ir r(B
'
))
we have♂(β) - ♂(β′). Tb主s c omplete sthe pr o ofof tbetbe o r em ･ [コ
Re m a rk 3.3 We den ote by Cl(a)the set ofallc onjugate clas se sin G･ Let A
be a nis om o rphis m of雷R(a)o nto 雷R(H)fortw ofinite gro ups a and H･
Eve nif Cl(a)∋e 如, ∈ cl(H) and c and c′ are r epresentative s ofa a nd e
'
re spe ctively,lcl - lc
′
ldo e sn
'
tholdwherelcLandlc
/
Ide note the orders of c and
c
,
re spe ctively. IfBl(a)∋ B 洩 B' ∈ B l(H), the nd(B) - d(B/), but D 望 D
'
do esn 'tholdwhere D a nd Dl are the defe ctgro ups of Band B
'
re spe ctiv ely･ We
ca nglVe a C Ou ntereX a mple･
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Let D8 a nd Q8 bethe dihedralgro up of orde r8 and the qu aternio ngr o up of
orde r8 re spe ctively;
D8 - (a , b[a4 - 1, b2 - 1, bah
- 1
- a
- 1),
Q8 - (c, dlc4 - 1, c2 - d2, dcd
- 1
- c
- 1)･
T hen D8 a nd Q8 havethe s a m e cha r a ctertable. The c onjugate cla s s e s ofD8 ar e
el - (1), e2 - (a2‡, e3 - (a, a3), e4 - (b, a
2b), e5 - (ab, a
3b)I
T he c o njugate cla ss e s ofQ8 are
e'l - (1), e
1
2
- (c
2
), a; - (c,c
3), e左 - (d, c空d), e15 - (cd, c3d‡･
LetIrr(D8) - (xl, ･ . .,X5)a nd Irr(Q8) - (4,1, ･ ･ ･,4,5)I Then the chara ctertable
of D8is glVen by;
1 a2 a a ab
1 1 1 1 1
1 1 1 - 1 - 1
1 1 - 1 1 - 1
1 1 - 1 - 1 1
2 - 2 0 0 0
W ith re spe ct to Q8, the s am e cha r a cter tableisgiven ･
Le七 人(xi) - ゆi (i - 1, … ,5). T he n入is a nis o m orphis m of雷R(D8)o nto
一
{
､･ ■■■■ 一
言R(Q8)and we als o c an ex七e nd 入to anis om orphis m 入 ofQR(D8)onto 百R(Q8)
byline arity.
LetIbethe chara cteristic cla ssfunction on D8 c orre spo ndingto e4 - (b, a
2b)I
T hen wehave
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∫ -
ICD8(b)I
5
∑ 石狩xi -去(xl - X2 + x3 - X4)
i= 1
He n c ew e obtain
･(I)-i(*1 - *2 ･ *3 - *4) -
ノ ヽ .
lCQ8(a)It;
5
∑ 両 ･払
T hisimpliesthat入(I)c o respondsto e左 - (d, c2d). T hu se4 ∋ b与d ∈e左but
ノ
{ ヽ
2 - lbl≠Idl- 4･
We a s s u m ethatp - 2. T he n D8 and Q8 have only o n e2 - blo ck B a nd B
'
r e spe ctively. T he defe ct gro up of B is D8 and the defe ct group of B
'is Q8, but
D8窒 Q8.
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Onis o m orphis m s ofa Bra u er char a cter ring o nto a n o七be r,ⅠⅠ
山 内 憲 一 千葉大学 教育学部
2 つ の 有限群 G, H の 指標環 をそれ ぞれ R(a),R(H)とするo また 雷 を代数 的整
数全体か ら成る環と し ､ 入‥言R(a) → 雷R(H)を言R(a)か ら雷R(H)へ の 同型写
像 とすれ ば､ Saks o n ov の 定理 に より 入(xi) - ei(x;′) (i- 1, ･ ･ ･ ,h)が成り立 つ ｡ こ こ
に(xl, - ,Xh) - Irr(a),(x
'
1, - ,X
'
h) - Ir r(H), eiは 1 の べ き根 で ある ｡ こ の とき
xi 与 x;/(i-1, … ,h)と書く こ と にす るo 上記 の こ とを仮定すれば､ 次の 定理 が得ら
れ る ｡
定理 1 xiと x,
･ が G の 同 じblo ck に属すれ ば x;′ と x;･′ も H の同 じblo ck に属す
る｡ こ こ に x七 与x/i, (t - 1,. . . ,h)o
p を素数とす る. 2 つ の 有限群 G, H の Brauer 指標 環をそれぞれ BR(G), B R(H)
とする. 入 ‥雷BR(a) → 雷B R(H)を同型写像とす る｡ 入は1対1対応 : Cl(G｡) →
cl(H.)を誘導す る｡ こ こ に G.,Ho はそれ ぞれ G, H の p - r egular ele m e nt全体の
集合 で ある ｡ Cl(G｡) - (a:1, . . . ,a,)(G｡ の 共役類 の 集合)､ Cl(Ho) - (a
l
l, - ,eL)o
ei ∋ ci,a;∋ c;(i-1, … ,r)で ､ 入 によ っ て ei ー e;′ で あるとするo こ の とき ciう c;∫
と書く こ とにす る ｡ (i- 1, .･‥ ,∫)0
m p
, - (ICG(cl)IpJ, - ,lCG(c,)Ip,), m;′ - (lCH(c
'
1,)lp,, - ,ICE(cL,)lp/)とおくo こ こ
にIXIp, は有限集合 X の 元 の個数1Xlのp
'
- pa rtを表す. m - (tCG(cl)l, - ,iCG
'
(c,)I),
m
/
- (ICH(c
l
l,)I, . ･ ･,lCH(cL,)I)とお くo C,C
' をそ れぞれ G,H のCarta n m atrix
と し ､ A をI Br(a)- (pl, - ,P,),I Br(H) - (dl, - , 銘)に 関する 入 の行列表現と
す る｡ この とき次の 3 つ の 定理 が得 られ る｡
定理 2 m p, - m;I
定理 3 次 の(i),(ii),(iii)は 同値 で ある｡
(i) m - m
' (ii) A
*CA - C' (iii) (pi,Pj)
'
G
- (A(pi),A(甲,･))
'
H
こ こに(I,9)
,
a
-古∑ェ∈Gof(x)打 と定義 し､ A* は A の共役転置行列を表すo
さらに次の 定理 が得 られる ｡
定理 4 C A= AC′ が成 り立 つ とする ｡ こ の とき次の(i)-(vi)が成り 立 つ ｡
(i) A(pi) - ei甲;′ (i- 1, … ,r)o (こ の とき pi う di, と書くo )
(ii) G とH の Bra u er chara cter table は同 じで あるo
(iii) 行と列 の 適当な入 れ替え をすれ ば C - C
′ で あるo
(iv) A(り豆) - ei叩;′ (i-1, - ,r) こ こ に(恥 ･ ･ ･ ,叩,),(r]
'
1, - ,砿)はそれぞれ G, H の
主直既約指標 で ある ｡ (こ の ときりi 与り;′ と書く｡ )
(v) 叩盲 とnjが G の 同 じblo ck に属すれ ば､ り;, と7;I,iまH の 同 じblo ck に属するo
こ こ にりfう 叩;∫ (t- 1, … ,r)o
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(vi) pi と p,･ が G の 同 じblo ck に属すれ ば､ p;, と p;･, は H の 同 じblo ck に属す
入
るo こ こ に pt ヰ P;′ (t-1, - ,r).
注意 定理 4 に於 い て は C A= A C' は必要な条件 で ある . 実際に CA ≠ A C'
の 時(v),(vi)が成 り立 た ない 例が存在するo
上記 の 4 つ の 定理 の 証明に は ､ Brauer chara cter table に 関す る次の補題 5が 基
本的な役割を果 たす｡
補題 5 (pi(cj))- (A(pi)(c;･I)) (r x r matric e s)こ こ に cjうd,A, (j-1, ･ - ,r)c
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